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Plasmonic particle arrays enable unconventional miniature lasers by virtue of feedback by enhanced scattering, field
confinement, and diffractive resonances. Here, we demonstrate lasing in quasi-periodic and aperiodic Galois, Thue–
Morse, Fibonacci, paperfolding, Rudin–Shapiro, and randomized lattice arrangements of silver particles spanning the
Fourier spectrum from discrete (period-like) to increasingly continuous (random-like). Through high-NA back-focal
plane images we find that the laser output displays the rich Fourier spectrum of the lattice. Conversely, the real-space
output at the laser plane is similar to speckle, yet with distinctly structured autocorrelations. Further, we identify
many new lasing conditions on the basis of pseudo-Bragg conditions that do not occur for periodic arrays. This work
enables controlled studies of lasing for any level of spatial correlation in the feedback mechanism going from periodic
to random and shows that metasurface lasers offer new beam-shaping strategies. © 2016 Optical Society of America
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1. INTRODUCTION

Enhancing light–matter interactions is a much-studied subject
that has both scientific and technological interest for fields rang-
ing from enhancing spectroscopy [1], lighting applications [2],
sensors [3,4], and photovoltaic structures [5,6] to quantum optics
[7]. Plasmonics is a promising route to enhance light–matter
interactions based on the strong coupling of light to resonant elec-
tron density oscillations in noble metals [8]. Metal particles
exhibit strong scattering and tight near-field light confinement.
Moreover, when plasmonic nanoparticles are placed in periodic
arrays, even stronger interactions can occur due to the coupling
of individual particle resonances to the diffraction modes of the
lattice, creating sharp and low-loss lattice resonances that are par-
ticularly attractive for sensing, directional solid-state lighting, and
surface-enhanced Raman scattering [9–11]. This type of diffrac-
tive plasmon resonance has recently been employed by several
authors to realize plasmonic distributed feedback (DFB) lasers
[12–17]. The large scattering strength per plasmonic particle gives
rise to strong feedback, much stronger than in conventional di-
electric DFB lasers, which typically utilize small index-contrast
periodic gratings. Complementary to DFB lasing that relies on
feedback by periodicity, lasing can also arise in completely random
arrangements of dielectric scatterers that cause strong multiple
scattering and are embedded in a gain medium [18–21]. In con-
trast to DFB lasing, a “random laser” results in non-directional
and multifrequency laser emission.

In this paper, we study plasmon lasers intermediate to periodic
and random systems, consisting of aperiodic arrays [22–31]. Aperiodic
arrays are generated according to a deterministic generation sequence,

are not translationally invariant, and yet, can have strong spatial
correlations [32]. Although quasi/aperiodicity was introduced as a
purely mathematical discovery, a link was made with physics when
it was shown that certain metallic alloys have a quasi-periodic order-
ing [33]. Quasi-periodicity has since then become hugely impor-
tant in crystallography, as recognized by the 2011 Nobel Prize in
Chemistry awarded to Shechtman. In optics, the photonic proper-
ties of aperiodic arrays have been the subjects of study, especially
in the framework of one-dimensional (1D) and two-dimensional
(2D) photonic crystals and in the case of plasmonics focused on 2D
particle lattices [26,30,34,35]. In the context of plasmonics, there
are two main reasons for which aperiodic systems have received
interest. First, numerical studies [36] have claimed that aperiodic
plasmonic particle arrays give rise to large local-field enhancements.
Second, as opposed to periodic arrays, aperiodic systems exhibit a
broadband optical response [23]. These properties could make
aperiodic systems applicable in many areas, such as biosensors
and engineered SERS substrates [27,37,38]. In LEDs, quasi-
periodicity was shown to result in efficient light extraction, com-
petitive with diffractive outcoupling but over larger bandwidths
[39]. On a fundamental level, particular aperiodic arrays are be-
lieved to give rise to critically localizedmodes that are characterized
by multifractal spatial patterns, large fluctuations of the local den-
sity of states, and high near-field enhancement [40]. These modes
are distinct from the infinitely spatially extended Bloch modes of
periodic systems and the exponentially localized modes of random
media (assuming Anderson localization is achieved [41]).

Studies on lasing action in aperiodic systems so far all consid-
ered dielectric systems, such as quasi-periodic photonic crystal
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lasers [42–45]. To our knowledge, these all relied on high-index
dielectric structures with aperiodic arrangements of weakly scat-
tering air holes. In this paper, we study aperiodic lasers consisting
of strongly scattering plasmonic particles. The rationale is that
plasmon particles have very large per-particle scattering cross sec-
tions compared to their dielectric counterparts. This enables the
systematic study of lasing in deterministic aperiodic systems. In
this work, we study lasing in a suite of systems that spans the
entire scale from periodic to randomized, as gauged by their
Fourier transform. We find lasing across the entire spectrum,
from structures with infinitely sharp Fourier transforms (pure-
point spectrum, as occurs for periodic and quasi-periodic systems)
to structures with absolutely continuous Fourier transforms, sim-
ilar to random systems [29]. We study laser output in terms of
spectra, thresholds, k-space radiation patterns, and real-space
speckle properties.

2. APERIODIC PLASMONIC LATTICE
STRUCTURES

We fabricate arrays of silver disks on glass coverslips using electron
beam lithography, thermal evaporation, and lift off, following the
procedure described in Ref. [16]. The silver particles have a diam-
eter of 100 nm and a height of 30 nm. We use a thin chromium
adhesion layer. We create the aperiodic lattices from a square grid
by removing particles according to given generation sequences for
the Galois, Thue–Morse, Fibonacci, paperfolding, and Rudin–
Shapiro lattices [29]. After fabricating the particle arrays, we spin-
coat a 450 nm-thick layer of SU8 that acts as the gain medium by
virtue of doping with Rhodamine 6G (Rh6G). This is achieved by
mixing 5.25 mg of Rh6G with 1 ml of cyclopentanone (the sol-
vent of SU8) and adding that to 1 ml of Microchem SU8-2005.
Sonication for 10 minutes promotes mixing. The resulting solu-
tion is spincoated at 3000 rpm. The resulting dye density in solid
SU8 is about 0.4 wt%, or 40 mM. The layer not only acts as gain
medium but, owing to its index of 1.6 (from ellipsometry), it acts
as a waveguide that supports one TE and one TM mode and pro-
vides good field confinement in the gain medium. These choices
of material, doping, and thickness are identical to those in recent
work on periodic plasmon lattice lasers [16,46]. Full-wave scat-
tering calculations [16] show that the particle resonance in the
glass/SU8/air system occurs at around 670 nm. We fabricated
samples with three underlying pitches, namely d � 380, 300,
and 190 nm (particles are smaller to avoid touching). Bragg’s
law predicts a diffraction condition whenever d � mλWG∕2, with
λWG � λ0∕nWG as the effective waveguide mode wavelength at
mode index nWG � 1.55. For a particle pitch of 380 (190) nm,
the second- (first-) order Bragg diffraction condition for the TE
mode occurs within the bandwidth of the fluorescence of the dye,
whereas for a pitch of 300 nm, neither falls in the gain window.
The gain window is on the blue flank of the dipolar plasmon res-
onance, where particle extinction cross sections are of the order
0.04 μm2. To illustrate the array generation procedure, as an ex-
ample, we discuss the Fibonacci sequence. For this sequence, the
nth generation is obtained by concatenating generations n − 2 an
n − 1, so that from start values A, B one obtains the sequence A,
B, AB, BAB, ABBAB, BABABBAB, ABBABBABABBAB, etc.
We identify A�B� with the absence (presence) of a particle. To
extend the 1D grating to a 2D particle array, several methods exist
[47]. Following Ref. [40], for each lattice site m in the 1D particle
row, we transpose the row to define a column vector. This directly

defines the mth column of the 2D lattice whenever the mth entry
in the 1D grating is occupied. Whenever the mth site, however, is
empty, the mth column is obtained by flipping all entries. This
extension algorithm is used for all deterministic lattices, starting
from their known 1D recursions. The random sample is defined
by removing 50% of the particles randomly from the square
grid, thereby having exactly the same fill factor and underlying
square grid correlation as all the aperiodic systems. We note that
recent work [46] showed that such randomized square lattice
lasers are remarkably robust to removing and shuffling particles,
as these are disordering mechanisms that retain long-range cor-
relations. This should be contrasted to other randomization
methods [48–50].

Figures 1(a)–1(g) show scanning electron microscope (SEM)
images of the various lattices we fabricated (sample pitch
380 nm), while Figs. 1(h)–1(n) shows Fourier transforms (abso-
lute value of discrete Fourier transform (DFT), or “structure fac-
tors”) for all lattices. These Fourier transforms are not obtained
from SEM images, but rather, from finite truncations (250 peri-
ods across, similar to the size of the experimentally studied fields)
of the mathematically generated lattices, where Gaussian apodiza-
tion reduces truncation artifacts. For the periodic lattice, the DFT
necessarily corresponds to the reciprocal lattice, i.e., isolated
δ-spikes in a square grid of spacing 2π∕d . For the Galois, Thue–
Morse, and Fibonacci lattices, many additional features appear as
consequence of quasi/aperiodicity. In the random system, while
the Brillouin zone is essentially uniformly filled, the diffraction
features at 2π∕d still stand out. This is due to the fact that ran-
domization by particle removal from a random lattice still leaves
spatial correlations [46].

We organize the results in this paper according to a math-
ematical measure called “spectral flatness”, or Wiener entropy,
introduced for this purpose by [24]

SF �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQN ;M
n;m jDFTfs�n; m�gjNM

q

1
NM

PN ;M
n;m jDFTfs�n; m�gj : (1)

Input for this quantity is the digitized structure, essentially a
matrix of 0’s and 1’s representing the absence and presence of par-
ticles in a site �m; n�. The denominator is the geometric mean of
the discrete Fourier transformDFTfs�n; m�g of the digitized struc-
ture, while the numerator represents the arithmetic mean. For in-
finite periodic structures (pure point spectrum), the spectral
flatness equals 0, while for a random structure (absolutely continu-
ous Fourier spectrum), the spectral flatness tends to 1. Table 1 lists
the spectral flatness calculated numerically from the DFTs of trun-
cated digital arrays, showing an increase from low to high values as
the lattices vary from periodic to random. Note that neither the
extremum 0 nor 1 is obtained for the periodic or random lattice.
We attribute this to the apodization in real space and the corre-
spondingly chosen finite discretization in the k-space sampling
of the DFTs. Also, it is well known that for some structures,
the convergence of spectral flatness with structure truncation is
slow. As our experiments are conducted on finite structure areas,
we choose to present values appropriate for the experimentally
truncated samples. Finally, while spectral flatness is one ordering
metric, it is not a unique measure. In terms of the nature of
the k-space spectrum, the periodic, Galois, Fibonacci, and paper-
folding structures are known to have a discrete, or “pure-point”
spectrum [29], while the Thue–Morse structure presents a singular
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continuous spectrum, and the Rudin–Shapiro sequence is pseudo-
random (absolutely continuous). This distinction is clearly visible
in the DFTs, where the Rudin–Shapiro lattice has a densely filled
Brillouin zone with high spectral flatness, while the Thue–Morse
structure has low spectral flatness, yet clearly a continuous part to
its Fourier transform.

3. LASING OF APERIODIC SYSTEMS

We use an inverted fluorescence microscope in which the sample
is excited from the glass side with a green (532 nm) laser that
provides sub-nanosecond pulses in the sub-μJ range. Figure 1(c)
shows a sketch of the inverted fluorescence microscopy imaging
setup. We pump a spot of about 50 μm across and collect emis-
sion from the same side with anNA � 1.45 objective, either on a

Andor CLARA CCD or with a Shamrock 303i spectrometer
coupled to an Si CCD detector (Andor iVAC, <0.1 nm, resolu-
tion). For a sequence of 50 pump powers, we collect single-shot
spectra, Fourier space images, and real-space images. The Fourier
images are obtained by flipping an extra lens into the optical path
at a focal distance away from the back focal plane of the imaging
objective, in between the dichroic mirror and the tube lens of
the CCD.

Figure 1(d) reports emission spectra above the lasing threshold
for the seven structures, all at an underlying pitch of 380 nm.
These spectra have been taken with the pump energy just a few
percent above the lasing threshold and therefore show both the
characteristic broad spontaneous emission spectrum of Rh6G,
peaking around 550 nm, and a single sharp lasing line. All arrays
have a lasing wavelength of approximately 591 nm corresponding
to the second-order Bragg diffraction condition for the waveguide
mode in the high-index slab at the underlying pitch of 380 nm.
This result is consistent with our earlier study in which we ran-
domly removed particles to obtain site occupation numbers as low
as 1%, which all showed that the original periodic-lattice lasing
condition is robust against particle removal [46]. Physically, this
can be understood by noting that the Fourier transform in all
cases shows strong peaks at the original reciprocal lattice vectors.
Input-output curves for all arrays in Fig. 1 are obtained by plot-
ting the emission intensity integrated over a bandwidth of
0.34 nm around the lasing peak. The input–output curves dem-
onstrate a clear lasing threshold. Thresholds (see Table 1) vary by
about a factor of 1.5, while slope efficiencies vary by about a factor
of two. We note that thresholds would be hard to compare for
lattices of different fill factors, and, unless they are on the same

Table 1. Calculated Spectral Flatness (SF) and Measured
Threshold Pump Power Pth Required to Obtain Lasing for
Pitch 380 nm. Also Reported Is Whether the k-Space
Spectrum of the Structure is Pure-Point (PP), Singular
Continuous (SC), or Absolutely Continuous (AC)

Structure SF P th [nJ] Spectrum

Periodic 0.005 12.5 PP
Galois 0.04 13.5 PP
Thue–Morse 0.13 15.6 SC
Fibonacci 0.17 14.6 PP
Paperfolding 0.35 12.5 PP
Rudin–Shapiro 0.81 15.6 AC
Random 0.84 18.7 AC

(a)

(b)

(c) (d) (e)

Fig. 1. Panel (a): SEM images of the arrays for a particle pitch of 380 nm; underneath it, the discrete Fourier transform of the corresponding array
(Panel b). Red circles indicate the wave vector range available to aNA � 1.45 objective, assuming a 380 nm pitch and 590 nm emisson wavelength. Panel
(c) shows a set-up diagram indicating Fourier imaging. Panel (d) shows spectra above the lasing threshold for periodic, Galois, Thue–Morse, Fibonacci,
paperfolding, Rudin–Shapiro, and random arrays. The lasing wavelength is the same to within 1 nm for all arrays and corresponds to the wavelength for
which the second-order Bragg diffraction condition holds for a pitch of 380 nm. Input–output curves are shown for all arrays in panel (e). From these
curves, we obtain threshold pump powers of 12.5, 13.5, 15.6, 14.6, 12.5, 15.6, and 18.7 nJ.
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sample substrate, due to variations in fabricating the waveguide.
We emphasize that all lattices (except the periodic one) have an
identical fill factor of 50%, and that the comparison is for an
experiment run with all structures arrayed nearby on the same
sample substrate. While threshold variations are hardly significant
within the typical variation of 10% between nominally identical
runs, the lowest thresholds are obtained in the structures with a
“pure-point” low-spectral flatness Fourier transform. The more
“random” structures, i.e., those with spectral flatness approaching
the random system, tend to have a somewhat higher threshold.
We further note that the large difference in slope efficiency
between the periodic and quasi-periodic systems indicates that
removing particles aids the outcoupling of the emission.

4. LASING OUTPUT IN FOURIER SPACE

In terms of spectra and input–output curves, the quasi/aperiodic-
ity appears to have no, or only a weak, effect on lasing. However,
Fourier images, i.e., back-focal plane images, of the laser output
clearly reflect the quasi/aperiodicity, as can be seen in Fig. 2. The
images represent the output intensity as a function of the parallel
emission wave vector k‖ � ω∕c�cos ϕ; sin ϕ� sin θ, where θ cor-
responds to the polar angle [angle with the optical axis), and ϕ to
azimuthal angle [16,51]. Thus, the center of each image corre-
sponds to the optical axis, and the outer rim to the microscope
NA (1.45), equivalent to about θ � 72° in glass. The Fourier im-
age of the periodic lattice Fig. 2(a)] shows a single peak in the
center, which indicates lasing at the second-order Bragg condi-
tion. Dimly visible is furthermore a structure of eight intersecting
circles, with a radius of curvature of 1.54. These correspond to the
isofrequency contours of the waveguide dispersion (mode index of
1.54), repeated every reciprocal lattice vector, and are also seen in
below-threshold fluorescence [16].

All a/quasi-periodic structures show additional structures. The
structures range from discrete peaks that are comparable in
intensity to the k‖ � 0 peak for the quasi-periodic lattices,
[Figs. 2(a)–2(e) periodic, Galois, Fibonacci, and paperfolding] to
a smoother (but speckled) background for the Thue–Morse,
Rudin–Shapiro, and randomized cases [Figs. 2(c)–2(g)]. In

comparison, the below-threshold emission shows only a smooth,
non-distinct angular dependence, punctuated with four rather
indistinct circles of radius nWG � 1.54 (the TE-mode index)
centered at reciprocal lattice vectors located at λ∕d ��1; 0� and
λ∕d �0;�1� that reveal the repeated-zone-scheme waveguide
dispersion relation [16].

Comparing the Fourier images in Fig. 2 with the Fourier trans-
forms in Fig. 1 shows that the angular distribution of the laser
output directly replicates the Fourier transform of the lattice.
Therefore, whereas the lasing condition is unchanged when vary-
ing the periodicity from periodic to aperiodic, the outcoupling of
the lasing mode is altered distinctly by the lattice. While the im-
ages in Fig. 2 are raw, single-shot images that suffer from satu-
ration, we can also analyze this claim in more quantitative detail.
To that end, for each lattice, we form a “high dynamic range
(HDR)” dataset by combining the sequence of ten images in
the pump power sweep just above the threshold. Our HDR algo-
rithm sums images, except that as soon as the pixel values in the
sequence are saturated, they are replaced by non-saturated values
taken from the lower pump-power data, scaled for the power level.
Next, we normalize the images to the Fourier image of just fluo-
rescence in the absence of any lattice. Figure 3 shows a region of
this data, normalized to the lasing peak at k‖ � 0, alongside the
absolute value of the structure factor (defined here as the absolute
value of the discrete Fourier transform of the lattice). Since both
the pitch and the lasing wavelength are known, this comparison
does not require the scaling of the in-plane axes (wave vector cal-
ibration is known) or of the vertical axis. Excellent quantitative
agreement is found, both for the location in wave vector space
of salient peaks, and for relative intensities. This is further
brought out by examining the cross cuts in Figs. 3(e)–3(h) aver-
aged sideways to the cross cut over Δk � 0.02k0) along salient
lines (k‖∕k0 � �0.207; 0.524; 0.60; 0.391� for the Galois, Thue–
Morse, paperfolding, and Fibonacci cases) in wave vector space.
We conclude that also quantitatively, the lasing output in wave
vector space corresponds to the Fourier transform of the lattice.

The fact that the lasing output simply represents the lattice
Fourier transform is associated to a simple physical picture.

(a) (b) (c) (d)

(e) (f) (g)

Fig. 2. Fourier images well above threshold for (a) periodic, (b) Galois, (c) Thue–Morse, (d) Fibonacci, (e) paperfolding, (f ) Rudin–Shapiro (f ), and
random array (g). The Fourier images are obtained for an excitation energy of 0.05 μJ. For all quasi-periodic structures, extra peaks appear beside the
second-order Bragg peak in the middle at k‖ � 0. These coincide with maxima in the Fourier transform of the structure. It should be noted that these
single-shot images well above the threshold are saturated in their bright pixels.
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Essentially, the underlying laser mode is the same in all lattices,
and carries wave vector k‖ � 0, plus all diffraction orders k‖ �G
of the original lattice. Upon outcoupling, the k‖ � 0 wave inher-
its the structure factor of the lattice as wave vector distribution.
Indeed, according to phased array theory, the radiation pattern of
a set of dipoles arranged in a plane and excited in phase exactly
equals the Fourier transform of their spatial distribution. Thus,
the lasing output has exactly the same wave vector structure as
a diffraction pattern that one would obtain upon normal inci-
dence excitation from the far field. Extrapolating this result,
we propose that by deterministically removing particles from
the original diffractive array, it is possible to retain the lasing
output yet control its k-space distribution. This distribution
is simply inherited from the Fourier transform of the binary am-
plitude mask that one can imprint at will by removing particles.
This idea might even extend to phase masks that one could gen-
erate by changing the particle sizes in the vein of phase-gradient
metasurfaces [52].

5. REAL-SPACE OUTPUT

In addition to Fourier space images, we also acquire real-space
images of the sample plane, above and below the threshold.
The below-threshold real-space images show plain Poissonian
noise [46]. Above the threshold, patterns with large intensity fluc-
tuations appear, which for random systems are known as speckle
[53] and directly evidence spatial coherence. Examples are shown
in Fig. 4 for all lattices. While for the randomized lattice, the la-
ser’s speckle has all the properties expected of random-system
speckle in terms of intensity statistics and autocorrelation [46],
clearly the speckle from the deterministic aperiodic systems is
structured in a manner reflecting the lattice in a non-trivial
way. When taking an autocorrelation of these real-space images,
this structure becomes evident. In particular, the quasi-periodic
lattices show long-range correlations, while instead, the patterns
with lower spectral flatness show a narrow autocorrelation of dif-
fraction-limited widths. We note that the speckle patterns, even if
seemingly random, in fact can be used for applications due to
their autocorrelation function. For instance, large improvements
to microscopy have recently been shown on the basis of using
speckle [54–56]. Speckle provides a form of structured illumina-
tion microscopy where information is retrievable through the
speckle autocorrelation that acts as point-spread function. From
our work, it appears that deterministic aperiodic plasmon array
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Fig. 3. Panels (a)–(d): Direct comparison of high dynamic range
Fourier images of lasing in the Galois, Thue–Morse, paperfolding,
and Fibonacci structures to the structure factors (DFTs). East-southeast
quadrants (red): measured. Northern quadrants (blue): structure DFT
(data and DFT normalized to the k � 0 peak, linear color scale).
White circles:NA � 1 and 1.45 boundaries. White arrows: kx∕k0 values
at which salient line traces along ky are taken for panels (e)–(h). In each
panel, the top (red) traces are data, while the downward (blue) traces are
theoretical.

(a)

(b)

Fig. 4. Real-space images (a) and normalized autocorrelation (b) well above the threshold. The real-space images have 20 μm field of view, and a clipped
colorscale [ranges always corresponding to 1.4 times the minimum number of counts to 0.6 times the maximum number of counts]. Color ranges for
autocorrelations are from 1.0 (minimum, no excess correlation) to the maximum correlation a at �x; y� � �0; 0�, which is 1.05, 1.12, 1.07, 1.14, 1.09,
1.07, resp. 1.1. This value mainly measures how far above threshold data was taken [46]. The scalebar is 3 μm in all panels in (b).
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lasers produce speckle patterns with controlled autocorrelations.
In essence, this gives control over the point-spread function of
speckle-based imaging techniques, similar to point-spread func-
tion control in raster-scanning imaging [57] or the use of gratings
in structured illumination microscopy [58,59].

6. LASING AT OTHER DIFFRACTION CONDITIONS

Periodic systems only support extended Bloch states and only lase
at Bragg conditions. Quasi-periodic systems, in contrast, may
support many pseudo-Bragg conditions, and hence lase at differ-
ent d∕λ ratios [29]. Figure 5 shows spectra and Fourier images at
maximum excitation power for arrays with a pitch of 300 nm.
The periodic array does not show any lasing, as neither the first
nor second Bragg diffraction condition for feedback is met in the
gain window. The absence of lasing is verified not only by the lack
of spectral feature, but also, we found no sign of lasing in the
Fourier images (in which narrow angular features or speckle
would emerge) or in the intensity fluctuations and correlations
in the real-space sample images (which are sensitive to lasing even
in strongly multi-modal cases [46]). For the other lattices, we do
see lasing at various wavelengths. In particular, for the quasi-
periodic lattices (Figs. 5(b), 5(d), and 5(e), the Galois, Fibonacci
and paperfolding cases, respectively), we find discrete and repro-
ducible lasing lines at low thresholds. For the lattices with large
spectral flatness (the Thue–Morse [Fig. 5(c)], Rudin–Shapiro
[Fig. 5(f )], and the random [Fig. 5(g)] lattices), we have to pump
significantly harder (0.192 μJ for Rudin–Shapiro and 0.289 μJ
for the random array, compared to 0.042 μJ for the Fibonacci
structure) to then obtain lasing peaks more reminiscent of ran-
dom lasing. Indeed, in Fig. 5, the quasi-periodic cases show iso-
lated sharp peaks much like the d � 380 nm case. In contrast,
the Rudin–Shapiro and randomized lattice show an amplified

spontaneous emission peak near the gain maximum (550 nm),
on top of which many narrow lasing peaks occur similar to those
that random lasers show [19].

The Fourier images at the maximum excitation power in Fig. 5
for the periodic lattice show as the only visible features four
circles, indicating that incoherent emission occurs preferentially
in the waveguide mode (circle radius of curvature given by the
mode index), which is coupled out diffractively. For the Rudin–
Shapiro and randomized cases, the structure is very similar,
though the circles appear narrower. This narrowing is due to the
fact that amplified spontaneous emission narrows the spectrum,
reducing the spectral blurring of the observed bands. As the pitch
is reduced compared to the d � 380 nm samples, the circles do
not intersect at k‖ � 0, but rather, at four intersection points at
approximately k‖∕k0 ∼ 0.4. For the lasing lattices, lasing occurs
close to these four intersection points, and at secondary lasing
spots across the entire back aperture, generated by diffraction.
The output patterns now do not simply reflect the Fourier trans-
form of the lattice, as the output is not due to diffraction of one
lasing peak at k‖ � 0, but rather, is due to the diffraction of a
quartet of lasing peaks.

We assign the observation of new lasing conditions to the fact
that the aperiodic arrays have many more peaks in the Fourier
spectrum, which give rise to new Bragg-like diffraction condi-
tions. This can be illustrated using a calculated band diagram,
as shown in Fig. 5. For a periodic system, one can find the re-
peated-zone-scheme free-photon dispersion by convolving the
dispersion relation jk‖j � ωnWG∕c with the structure factor of
the lattice, i.e., the comb of δ-peaks situated at �m; n�2π∕d
[60]. Here, the convolution is in wave vector space. Although
a band structure has no formal meaning, one can arguably find
an apparent repeated-zone-scheme free-photon dispersion for

(a) (b) (c)

(d) (e) (f)

(g) (h)

(i)

Fig. 5. Fourier images above lasing threshold for a pitch of 300 nm (a)–(g) and spectra for all arrays at the maximum pump power. As can be seen in
panel (h), the lasing wavelength is different for each structure. The periodic system does not show a lasing peak. Panel (j): calculated band diagrams for
Galois, Fibonacci, and paperfolding arrays. Horizontal colored lines represent measured lasing peak frequencies for the lattices with 380, 190, and 300 nm
pitch plotted in normalized units nWGd∕λ (where λ is measured wavelength, d is the nominal pitch, and nWG � 1.54, assumed to be fixed). Solid
(dashed) cyan lines represent the d � 380 nm (d � 190 nm) samples, lasing at second- resp. first-order Bragg diffraction (nWGd∕λ equals 1 resp.
0.5). The other lines (around 0.7–0.85) correspond to various lasing conditions for d � 300 nm.
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quasi-periodic systems by convolution with the structure factors
in Fig. 1. Figure 5(j) shows the results for the Fibonacci, Galois,
and paperfolding lattices, which present a pure-point spectrum.
Indicated as horizontal lines are normalized lasing frequencies
(nWGd∕λ0) at which we obtain lasing in the experiments.
Samples with d � 380 nm lase at second-order Bragg diffraction,
while at half the pitch, d � 190 nm, the lasing matches the first-
order Bragg diffraction. The d � 300 samples lase at various con-
ditions, notably at band crossings that occur in several of the
structures at d∕λWG ≈ 0.8, and at the M-point in case of the
Galois lattice. While the observed lasing conditions in these
samples correlate with the “strong” crossings in the dispersion dia-
grams that one would expect to correspond to stop gaps amenable
to lasing, actually predicting dominant lasing conditions is not
easy. It is not just that the appearance of a (pseudo)-Bragg con-
dition is required, but also that the dye gain window enters as a
weighting factor.

7. CONCLUSION AND OUTLOOK

We have observed lasing in quasi- and aperiodic plasmonic par-
ticle arrays. Lasing occurs under the second-order Bragg diffrac-
tion condition of the underlying lattice whenever it lies in the gain
window, quite independently of the spectral flatness of the struc-
ture. Above the lasing threshold, all Fourier images show that the
angular distribution of laser emission inherits its shape from the
Fourier transform of the lattice, consistent with diffraction of the
k‖ � 0 lasing mode upon outcoupling. In addition, the determin-
istic aperiodicity manifests itself in a speckle pattern with distinct
autocorrelations. Other underlying lattice pitches result in multi-
frequency lasing, where the lasing condition is related to pseudo-
Bragg conditions, consistent with calculated band diagrams.
These results show that periodic plasmon lasers can be beam
shaped at will by removing particles, essentially imprinting the
Fourier transform of the resulting binary amplitude mask on
the angular output. Conversely, the correlated speckle might
be useful for speckle-based imaging techniques and structured il-
lumination microscopy. For future experiments, it would be in-
teresting to determine if certain aperiodic lattices optimize field
enhancement in order to lower lasing thresholds [26]. In our sys-
tem, lasing occurs mainly by virtue of strong scattering, while
plasmonic field enhancement is likely not important, since less
than 1% of dye molecules are close than 10 nm to a metal particle
and since we use an efficient dye. If one would use a very ineffi-
cient dye as a gain medium, one could benefit from Purcell
enhancement to ensure that the gain is localized right at the
plasmonic hot spots. In turn, this opens the door to study the
proposed ideas that quasi-random and deterministic aperiodic
structures are advantageous for engineering large area field en-
hancement [26,48–50]. In addition, our work paves the way
to study many other quasi-periodicities in the context of lasing.
For example, it has been predicted that golden-angle spirals
exhibit an analogue to the band edge modes of periodic systems
[29], and it would be interesting to find out if lasing can take
place on these band edge modes. Penrose [42] and hyperuniform
[61] lattices are other examples for which band gaps and localized
states exist; these would be interesting in the context of lasing.
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